In the present paper, we prove that if X is a subprojective Banach space, then the ideal of strictly singular operators on X is equal to the ideal of inessential operators on X. We give an example to show that equality does not hold for all Banach spaces X.
1. Introduction. If X is a Banach space, let BiX) denote the Banach algebra of all bounded linear operators from X into itself. An operator TEBiX)
is said to be strictly singular [4] if T is not a homeomorphism when restricted to any closed infinite-dimensional subspace of X. Let S{X) denote the closed two-sided ideal of strictly singular operators in BiX). Let Rad A denote the Jacobson radical of any ring A. If K{X) denotes the ideal of compact operators on X, then define I(X)=ir-l[Rad(B(X)/K(X))], where ir is the canonical homomorphism from BiX) onto BiX)/KiX).
IiX) is a closed two-sided ideal of BiX), called the ideal of inessential operators. A Banach space X is subprojective if, given any closed infinite-dimensional subspace M of X, there exists a closed infinite-dimensional subspace TV contained in M and a continuous projection of X onto TV. Subprojective spaces were investigated by R. J. Whitley [8] . In §2 we prove that if X is subprojective, then IiX) = SiX). We also give an example to show that equality does not always occur. In §3 we investigate the relationship between the semi-Fredholm elements of BiX) and the null divisors in B(X)/K(X). Proof. M. Schechter [7, 1143] remarks that F(X) = {TEB(X)\ T+ UE$(X) for all UE$(X)} is the largest ideal contained in the set of Riesz operators. This characterization also holds for I(X) by [5] , so I(X) = F(X). Therefore suppose T(£l(X), then there exists a UE$(X) such that T+U<$$(X). B. Yood [9, p. 601] proved that WE$(X) if and only if W*E$(X*). So T*+ U*<£$(X*) and UE<S>(X) implies U*E$(X*). Therefore T*<£l(X*) by the equivalence of I(X*) and F(X*). So T*EI(X*) implies TEI(X). To prove the converse take TEI(X) and suppose T(£S(X). Hence there exists a closed infinite-dimensional subspace XiEX such that T is a homeomorphism of Xi onto T(Xi). T(X{) is a closed infinitedimensional subspace of X, so since X is subprojective there exists an infinite-dimensional closed complemented subspace X2ET(Xi), where X = X2@X3. Define TEB(X) by f ^P-1 on X2 and T = 0 on X3. Since TEI(X) we know v(T)ERad(B(X)/K(X)), so I-WT E$+(X) for all WEB(X), in particular I-TTE<&+(X). This implies the null space of I-TT is finite-dimensional.
For any ring
T is a homeomorphism on X2, so T(X2) is an infinite-dimensional subspace of X and TTT(X2) = T(X2), since TT is the identity on X2. Therefore (I-TT)(T(X2)) = 0, which implies T(X2) is contained in the null space of I-TT. This implies the null space of I-TT is infinite-dimensional, a contradiction. Therefore TES(X), so I(X)ES(X). An Example. I. A. Feldman, I. C. Gohberg and A. S. Markus [3] give an example of an operator, V, on X = la®Lp, Kp<q<2, such that V$S(X) but V*ES(X*). This example shows that our theorem cannot be generalized to reflexive spaces (in fact X is also VEIiX) by Lemma 2.1, but V<£S(X), so this implies S(X)^I(X).
Note that this example also shows that a converse to [8, Theorem 2.2, p. 254] is not possible, sinceX* = lq>®Lp> with 2<q'<p'implies X* is subprojective, but V*ESiX*) and V= V**<£SiX**). Let <r be the natural isomorphism of X into X**. cr is onto since X is reflexive and with this natural identification of X and X**, we have T** = T. Since iT*Q)* = K* we have that Q*T** = K*. K*E KiX**) and Q*^K(X**) Ett-KN'). 
